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We consider an equation
&y"(x)+q(x) y(x)=f (x), x # R; (1)
where f (x) # Lp(R), p # [1, ] (L( R) :=C(R)), 1q(x) # L loc1 (R). We study
requirements for a weight function r(x) # L locp (R) and for q(x) under which, for a
given p # [1, ], regardless of f (x) # Lp(R), the solution y(x) # Lp(R) of Eq. (1)
satisfies the inequalities:
&r(x) y(x)&pc & f (x)&p , &y"(x)&p+&q(x) y(x)&pc & f (x)&p , c=const.
 1999 Academic Press
1. INTRODUCTION
In this paper we consider an equation:
&y"(x)+q(x) y(x)=f (x), x # R. (1.1)
Here and throughout the paper f (x) # Lp(R), p # [1, ] (L( R) :=C(R)),
and
1q(x) # L loc1 (R). (1.2)
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It is known [4, 5, 17] that under condition (1.2) for a given p # [1, ]
and any f (x) # Lp(R) Eq. (1.1) has a unique solution y(x) # Lp(R), and
y(x)=(Gf )(x) =def |

&
G(x, t) f (t) dt, x # R (1.3)
&G&p  p<. (1.4)
Here G(x, t) is the Green function corresponding to (1.1):
G(x, t)={u(x) v(t), xtu(t) v(x), xt. (1.5)
[u(x), v(x)] is a special fundamental system of solutions (FSS) of the
equation:
z"(x)=q(x) z(x), x # R (1.6)
(see Section 2). Our goal is to study possibilities for strengthening (1.4). To
be more precise, we find requirements for a weight r(x) # L locp (R) under
which:
&r( } ) G&p  p<. (1.7)
This problem was studied in many papers and remains relevant since its
complete solution is unknown (see [13, Chap. 7]). Note that the special
attention of investigators was focused on the case r(x)#q(x), because this
case (1.7) is equivalent to a known problem by Everitt and Giertz on
separability of (1.1) in Lp(R) (see [10, 11]), i.e., of the problem of validity
of the inequality
&y"(x)&p+&q(x) y(x)&pc & f (x)&p , f (x) # Lp(R) (1.8)
with an absolute constant c for the solutions y(x) # Lp(R) of (1.1).
To study (1.7)(1.8), it is very important to have a priori information on
the kernel G(x, t) of the operator G (see (1.3)). Such information, which is
close to completion, has appeared quite recently [5, 9] and, therefore, in
many preceding papers methods were developed without using the proper-
ties of G(x, t). These methods were based on various approximations of the
operator G [1, 1315]. Another approach to (1.7)(1.8) has been suggested
in [16], where the study of (1.7)(1.8) was based on an a priori estimate
of G(x, t), x{t which followed from an estimate of the diagonal value of
the Green function \(x) =def G(x, t)| t=x of the type:
4&1d(x)\(x)3 } 2&1d(x), x # R. (1.9)
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Here, d(x) is the positive solution of the equation
2=d |
x+d
x&d
q(t) dt, d0 (1.10)
with respect to d. (Here we give estimate (1.9) established in [5] under the
sole assumption (1.2). The function d (x) was introduced by Otelbaev (see
[13]). Such an approach to (1.7)(1.8) was developed in [2, 3]. In this
paper we also use the method of [16]. In contrast to [13, 1316], we
mainly use the two assertions:
I. A representation of the Green function G(x, t) [9]:
G(x, t)=- \(x) \(t)) exp \&12 } |
t
x
d!
\(!) }+, x, t # R. (1.11)
II. A new, more precise, estimate of \(x):
2&32 h(x)\(x)212 h(x), x # R. (1.12)
Here h(x) is the positive solution of the equation
2=|
- 2 h
0
|
x+t
x&t
q(!) d! dt (1.13)
with respect to h (see Theorem 4.1). The function h(x) was introduced
in [6].
To formulate the main result (Theorem 1.1), we give the following
definition.
Definition 1.1. Suppose that for a given function q(x) there are con-
stants a1, b>0 such that for all |x|>>1 one has the inequality
a&1h(x)h(t)ah(x) for t # [x&bh(x), x+bh(x)]. (1.14)
Then we say that q(x) belongs to the class K(#) (and write q(x) # K(#))
where #=a exp(3&1 2&12a&1b).
Note that for any #>1, the inclusion q(x) # K(#) does not impose any
additional requirements for q(x) because one has K(#)=L +1, loc for any
#>1, L +1, loc =
def [q(x): 1q(x) # L loc1 (R)] (see Lemma 3.1).
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Theorem 1.1. Let r(x) # L locp (R), p # [1, ]. To validate (1.7), it is
necessary and, under the condition q(x) # K(#), #<1, sufficient that
m(r( } ), q( } ))p =
def
sup
x # R
h(x)2&1p \||t&x|h(x) |r(t)| p dt+
1p
<. (1.15)
Corollory 1.1. Let p # (1, ]. To validate (1.8), it is necessary and,
under the condition q(x) # K(#), #<1, sufficient that m(q( } ), q( } ))p<.
Remark. For p=1, condition (1.2) guarantees the separability of (1.1)
[12], but for any p # (1, ] there exist equations (1.1) not separable in
Lp(R) (Section 8). A condition of the type m(r( } ), q( } ))p< as a criterion
for (1.7) to hold was first established in [15] for p=2. In [15] a classifi-
cation of the coefficients of the type q(x) # K(#) was also introduced.
Note that the classes K(#), #<1, comprise fast growing and fast oscillating
functions q(x) (for example, q(x)=1+e |x|+e |x| sin(e |x|). Equations (1.1)
with such coefficients are usually ‘‘hard’’ to study. One obtains the possibility
of applying Theorem 1.1 to such equations because of the weakness of the
a priori requirement q(x) # K(#), #<1, which is not rigid, since in any case
q(x) # K(#) for any #>1. Moreover, to establish the inclusion q(x) # K(#),
#<1, it is usually sufficient to obtain two-sided inequalities for h(x) instead
of finding the exact solution of (1.13). In the following technical theorem
we give one of the ways of obtaining such estimates. (See [7] for the complete
exposition of Theorem 1.2.)
Theorem 1.2. Suppose that for the function q(x) there exist functions
q1(x) and q2(x) such that q1(x) is continuous for x # R, 1q1(x), q2(x) #
Lloc1 (R) and
(1) q(x)=q1(x)+q2(x), x # R (1.16)
(2) $1(x)  0, $2(x)  0 as |x|  
where
$1(x)= sup
|z|2q1(x)
&12 } |
z
0
|
t
0
[q1(x+!)&2q1(x)+q1(x&!)] d! dt }
$2(x)= sup
|z|2q1(x)
&12 } |
z
0
|
x+t
x&t
q2(!) d! dt } .
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Then one has relations (1.17)(1.18) with an absolute constant c:
h(x)=(1+=(x)) q1(x)&12, |=(x)|c($1(x)+$2(x)) for |x|>>1
(1.17)
c&1h(x) - q1(x)c, for x # R. (1.18)
See Section 8 for examples of the application of Theorems 1.1 and 1.2.
To conclude, note that the method of this paper can be applied to establish
a criterion for compactness of the operator G: Lp(R)  Lp, r( } ) (R) for
q(x) # K(#), #<1. This result will be presented in our forthcoming paper.
2. PRELIMINARIES
Here we give some assertions presented in [5,9]. Below we assume that
(1.2) holds. We denote by c those absolute constants which are unessential
and may differ within a single chain of calculations.
Theorem 2.1 [5]. There exists an FFS [u(x), v(x)] of (1.6) such that
u(x)>0, v(x)>0, u$(x)<0, v$(x)>0 for x # R
v$(x) u(x)&u$(x) v(x)=1 for x # R (2.1)
lim
x  &
v(x)= lim
x  &
v$(x)= lim
x  
u(x)= lim
x  
u$(x)=0
lim
x  
v(x)= lim
x  
v$(x)= lim
x  &
u(x)= lim
x  &
|u$(x)|=.
A FSS of (1.6) with properties (2.1) is called a principal FSS (PFSS) [5].
Theorem 2.2 [9]. For x # R a PFSS of (1.6) admits the representation
u(x)=- \(x) exp \&12 |
x
x1
d!
\(!)+ , v(x)=- \(x) exp \
1
2 |
x
x1
d!
\(!)+ ,
(2.2)
where \(x)=u(x) v(x) and x1 is the unique root of the equation u(x)=v(x).
Moreover, the Green function G(x, t) admits representation (1.11).
In the form (2.2), [5] was obtained. For x # R consider an equation in
d0,
1=|
- 2 d
0
|
x
x&t
q(!) d! dt, 1=|
- 2 d
0
|
x+t
x
q(!) d! dt. (2.3)
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Each of the equations (2.3) has a unique finite positive solution [5].
Denote them by d1(x), d2(x) respectively. The functions d1, 2(x) were intro-
duced in [6].
Theorem 2.3 [5]. For x # R one has inequalities (1.9) and (2.4)(2.5):
1
- 2
d1(x) d2(x)
d1(x)+d2(x)
\(x)- 2
d1(x) d2(x)
d1(x)+d2(x)
. (2.4)
|\$(x)|<1. (2.5)
Lemma 2.1 [7, 8]. For every x # R Eq. (1.13) has a unique finite positive
solution. Denote it by h(x). Let us introduce a function
F (’)=|
’
0
|
x+t
x&t
q(!) d! dt. (2.6)
The following assertions hold:
(1) ’h(x) (0’h(x)) if and only if F (’)2 (F (’)2),
(2) 0<h(x)1 for x # R. (2.7)
(3) For x # R there exists the continuous derivate h$(x), |h$(x)|2&12
and
h$(x)=_- 2 |
x+- 2 h(x)
x&- 2 h(x)
q(!) d!&
&1
_|
x
x&- 2 h(x)
q(!) d!&|
x+- 2 h(x)
x
q(!) d!&.
(2.8)
(4) For x # R, = # [0, 1], t # [x&- 2 =h(x), x+- 2 =h(x)] one has the
inequalities:
(1&=) h(x)h(t)(1+=) h(x). (2.9)
In particular, for ==1 and ==2&12 respectively, inequalities (2.9) have the
form
h(t)2h(x) for t # [x&- 2 h(x), x+- 2 h(x)], x # R (2.10)
c&1
h(t)
h(x)
c for t # [x&h(x), x+h(x)], x # R, c=
- 2
- 2&1
.
(2.11)
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3. TECHNICAL ASSERTIONS
Here we give some assertions used in Sections 57.
Lemma 3.1. K(#)=L +1, loc for any #>1.
Proof. According to (2.9), one has the inequalities
(1&=)
h(t)
h(x)
(1+=)(1&=)&1 if |t&x|- 2 =h(x),
= # [0, 1], x # R,
Therefore, by Definition 1.1 one has a=(1&=)&1, b=- 2 =, and q(x) #
K(#(=)), #(=)=(1&=)&1 exp(&=(1&=)3). Clearly, #$(=)>0 for = # [0, 1),
#(0)=1, #(1)=. Therefore, for any #0>1 there exists =0 # (0, 1) such that
#0=#(=0). K
Lemma 3.2 For x # R, t # [x&h(x), x+h(x)] one has the inequalities
c&1
v(t)
v(x)
,
u(t)
u(x)
c, c=exp(4(- 2&1)&1). (3.2)
Proof. The proof is the same for u(x) and v(x). We give it for v(x).
From (2.2), (2.5), and (1.12) (see Theorem 4.1 below) for ! # R we get
v$(!)
v(!)
=
1+\$(!)
2\(!)
O
v$(!)
v(!)

1
\(!)

2 - 2
h(!)
.
Hence, for t # [x, x+h(x)], x # R, according to (2.11) and (3.3) we obtain
ln
v(t)
v(x)
2 - 2 |
t
x
d!
h(!)

4
- 2&1 |
t
x
d!
h(x)

4
- 2&1
=ln c. (3.4)
By (2.1) estimate (3.4) remains true for t # [x&h(x), x], and the upper
estimate of (3.2) is proved. One can similarly check the lower estimate. K
Definition 3.1. Let x # R, m>0. We say that segments [2n]n # Z0 ,
Z0=[\1, \2, . . .] form an Rm(x)-covering of R if
(1) 2n=[2 &n , 2
+
n ] =
def
[xn&mh(xn), xn+mh(xn)], n # Z0 ;
(2) 2&n+1=2
+
n if n>0; 2
&
n =2
+
n&1 if n<0;
(3) 2 +&1=2
&
1 =x, n # Z0 2n=R.
462 CHERNYAVSKAYA AND SHUSTER
Lemma 3.3. Let m>0. Then for every x # R there exists an Rm(x)-
covering.
Proof. Let .(t)=t&mh(t)&x. Clearly, .(x)=&mh(x)<0, .(x+2m)
=2m&h(x) mm>0 (see (2.7)). Since h( } ) is continuous, there exists
.(x1)=0 for some x1 # (x, x+2m), i.e., x=x1&mh(x1)=2 &1 , and the
segment 21 is constructed. One can construct 2n , n2 similarly. Let us
verify that n=1 2n=[x, ). Assume that there is z # (x, ) such that
2 +n <z for n1, the sequence [xn]

n=1 has a limit x0z. Moreover,
2m n=1 h(xn)=

n=1 (2
+
n &2
&
n )z&x<. Then h(xn)  0 as n  
and, therefore, h(x0)=0, a contradiction to (2.7). For (&, x] the argu-
ment is similar. K
Remark. Assertions similar to Lemma 3.3 were applied by M. Otelbaev
(see [13]).
4. ESTIMATES OF THE GREEN FUNCTION
Estimates (1.12) can be viewed as a particular case of Theorem 4.1.
Theorem 4.1. For t, x # R one has the inequalities:
1
2 - 2
exp \&- 2 } |
t
x
d!
h(!)}+

G(x, t)
- h(x) h(t)
- 2 exp \& 12 - 2 } |
t
x
d!
h(!)}+ . (4.1)
Proof. Let d (x)=d1(x) d2(x)(d1(x)+d2(x))&1. Then d (x)<d1, 2(x) and
2=|
- 2 d1(x)
0
|
x
x&t
q(!) d! dt+|
- 2 d2(x)
0
|
x+t
x
q(!) d! dt>F (d (x)).
By Lemma 2.1 we obtain d (x)h(x). Then (2.4) implies the upper estimate
of (1.12). We integrate the equation v"(!)=q(!) v(!) (u"(!)=q(!) u(!))
twice: first along [x&t, x] ([x, x+t]), t0, and then by t from zero to
- 2h(x). We get
- 2 h(x) v$(x)=v(x)&v(x&- 2 h(x))+|
- 2 h(x)
0
|
x
x&t
q(!) v(!) d! dt (4.2)
- 2 h(x) |u$(x)|=u(x)&u(x+- 2 h(x))+|
- 2 h(x)
0
|
x+t
x
q(!) u(!) d! dt
(4.3)
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The following relations are based on (2.1) and (4.2)(4.3):
1
\(x)
=
v$(x)
v(x)
+
|u$(x)|
u(x)
<
2
- 2 h(x)
+
1
- 2 h(x) |
- 2 h(x)
0
|
x
x&t
q(!)
v(!)
v(x)
d! dt
+
1
- 2h(x) |
- 2 h(x)
0
|
x+t
x
q(!)
u(!)
u(x)
d! dt

- 2
h(x)
+
1
- 2 h(x) |
- 2 h(x)
0
|
x+t
x&t
q(!) d! dt=
2 - 2
h(x)
.
Thus, (1.12) is true. Now (4.1) follows from (1.12) and (1.11). K
5. PROOF OF THE MAIN THEOREM AND ITS COROLLARY
Here we prove Theorem 1.1 and Corollory 1.1
Necessity. Let x # R, t # 2(x)=[2&(x), 2+(x)] =def [x&h(x), x+h(x)],
and let fx(t) be the characteristic function of 2(x). Below we use (1.12),
(3.2):
(Gfx)(t)=\(x) _|
t
2&(x)
u(t)v(!) d!
u(x) v(x)
+|
2+(x)
t
v(t) u(!) d!
v(x) u(x) &
h2(x)
c
. (5.1)
Let &r( } )G&p  p<, p # [1, ). The theorem follows from (5.1):
&r( } )G&p  psup
x # R
&r( } )(Gfx)( } )&Lp(2(x))
& fx( } )&p

m(r( } ), q( } ))p
c
.
The case p= can be treated similarly.
Sufficiency. We need some auxiliary assertions.
Lemma 5.1. For x # R one has the inequalities
|
x+1
x&1
G(x, t) dtH(x) =def |

&
G(x, t) dt4 |
x+1
x&1
G(x, t) dt. (5.2)
Proof. The lower estimate is obvious. Set z(!) :=exp(!). Then
[v$(!) z(!)&z$(!) v(!)]$=(q(!)&1) v(!) z(!)0, ! # R. (5.3)
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We integrate (5.3) along the interval (&, t], t # R and apply (2.1):
0v$(t) z(t)&z$(t) v(t)=exp(t)[v$(t)&v(t)] O v$(t)v(t), t # R. (5.4)
From (5.4) one deduces the inequalities
{
v(x)
v(t)
exp(x&t) {O
v(x&n+1)
v(x&n)
exp(1) {O
v(x)
v(x&n)
exp(n)
(5.5)
xt n=1, 2, . . . n=1, 2, . . .
Inequality (5.2) easily follows from (5.6) (see below). Estimate (5.6) for
J1(x), x # R follows from (5.5); for J2(x), x # R one proceeds in a similar
way.
J1(x) =
def |
x
&
v(t) dt4 |
x
x&1
v(t) dt, J2(x) =
def |

x
u(t) dt
4 |
x+1
x
u(t) dt (5.6)
J1(x)= :

n=0
|
x&n
x&n&1
v(t) dt=|
x
x&1
v(t) dt
_{1+ :

n=1
} |
x&n
x&n&1
v(t) dt \|
x
x&1
v(t) dt+
&1
=
|
x
x&1
v(t) dt {1+ :

n=1
exp(&n)=4 |
x
x&1
v(t) dt. K
Lemma 5.2. Let q(x) # K(#), #<1. Then (see (5.2))
c&1h2(x)H(x)ch2(x), x # R. (5.7)
Proof. The lower estimate of (5.7) follows from (5.1). Verify that
max[u(x) J1(x), v(x) J2(x)]ch2(x) and, thus, establish (5.7). To estimate
v(x) J2(x) (one can estimate u(x) J1(x) similarly), we use (4.1) and (5.2):
v(x) J2(x)c - h(x) |
x+1
x
- h(t) exp \& 12 - 2 |
t
x
d!
h(!)+ dt :=c8(x),
x # R. (5.8)
Let x>>1; let [2n]n1 be a subsystem of an Rb(x)-covering of [x, );
and let x+1 # 2m , m1. From (3.5) and (1.14) it follows that
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8(x)- h(x) :
m
n=1
|
2n
- h(t) exp \& 12 - 2 |
t
2&1
d!
h(!)+ dt
- h(x) :
m
n=1
h(xn)32 exp \& 12 - 2 |
2n
&
21
&
d!
h(!)+ . (5.9)
The following inequalities are based on (1.14) and (3.5) (n=1, 2, . . . ):
|
2n
&
21
&
d!
h(!)
= :
n&1
j=1
|
2j
d!
h(!)

1
a
:
n&1
j=1
|
2j
d!
h(x j)
=
2b
a
:
n&1
j=1
1=
2b
a
(n&1). (5.10)
1
a

h(xn+1)
h(2 &n+1)
,
h(2 +n )
h(xn)
a O
1
a2

h(xn+1)
h(xn)
a2. (5.11)
We multiply inequalities (5.11) and use (1.14) once more:
h(xn+1)a2n h(x1)a2n+1 h(2 &1 )=a
2n+1 h(x), n=1, 2, . . . (5.12)
h(x)=h(2 &1 )ah(x1)a
2n+1 h(xn+1), n=1, 2, . . . (5.13)
Now we continue estimate (5.9) using (5.9), (5.11) and (3.5):
8(x)ch2(x) :
m
n=1
a3n exp \& bn- 2 a+ch2(x) :

n=1
#3n=ch2(x). K
Lemma 5.3. Let p # [1, ), r( } ) # L locp (R), q(x) # K(#), #<1. Then
sup
x # R _|

&
|r(t)| p h(t)2p&2 G(x, t) dt&cm(r( } ), q( } ))pp . (5.14)
Proof. The estimate of max[T1(x), T2(x)]cm(r( } ), q( } ))pp implies
(5.14). Here,
T1(x)=|
x
&
|r(t)|p h(t)2p&2G(x, t) dt,
T2(x)=|

x
| r(t)| p h(t)2p&2G(x, t) dt.
Let us estimate T2(x) (one can estimate T1(x) similarly). Let [2n]n # Z0 be
segments an an Rb(x)-covering. Below we use (4.1), (3.5), (5.12), and
(1.14):
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T2(x)c |

x
|r(t)|p h(t)2p&1h(x)h(t) exp \&
1
2 - 2 |
t
x
d!
h(!)+ dt
=c :

n=1
|
2n
|r(t)| p h(t)2p&1h(2
&
1 )
h(t)
exp \& 12 - 2 |
t
2&1
d!
h(!)+ dt
 :

n=1
h(xn)2p&1\|2n |r(t)|p dt+ an exp \&
bn
- 2a+
c sup
x # R \h(x)2p&1 ||t&x|bh(x |r(t)|p dt+ :

n=1
#3n
c sup
x # R
h(x)2p&1 |
x
x&bh(x)
|r(t)| p dt
+c sup
x # R
h(x)2p&1 |
x+bh(x)
x
|r(t)|p =def c[K p1+K
p
2]. (5.15)
Let us verify that K1, 2cm(r( } ), q( } ))p and thus settle (5.14). Both
inequalities are proved in the same way, so we only estimate K2 .
If b1, then [x, x+bh(x)][x&h(x), x+h(x)], x # R and then K2
m(r( } ), q( } ))p . Let b>1. Denote by N the number of segments of an R1(x)-
covering which are contained in [x, x+bh(x)]. Then from (1.14) it follows
that
bh(x) :
N
n=1
(2 +n &2
&
n )= :
N
n=1
2h(xn)
2
a
N } h(x) O N
ab
2
. (5.16)
If 2 +N <bh(x), then the segments [2n]
N+1
n=1 cover [x, x+bh(x)]. From
(1.14), (3.5) and (2.11) we get
1
a

h(2&N+1)
h(x)
,
h(xN+1)
h(2 &N+1)
a O c&1
h(xN+1)
h(x)
c. (5.17)
Now from (5.16), (1.14), (2.11), and (3.5) we obtain the estimate which
does not depend on x:
h(x)2p&1 |
x+bh(x)
x
|r(t)| p dth(x)2p&1 :
N+1
n=1
|
2n
|r(t)| p dt
c :
N+1
n=1
h(xn)2p&1 |
2n
|r(t)|p dtc(N+1) m(r( } ), q( } ))pp . K
Proof of Theorem 1.1. Let p # [1, ), f (x) # Lp(R). Below we prove
Theorem 1.1 using Lemmas 5.2, 5.3, Ho lder’s inequality, and Fubini’s
theorem:
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&r(t)(Gf )(t)&pp=|

&
|r(t)|p } |

&
G(x, t) f (x) dx }
p
dt
|

&
|r(t)|p _|

&
G(x, t) dx&
pp$
_|

&
G(x, t) | f (x)|
p
dx& dt
c |

&
|r(t)|p h(t)2p&2 \|

&
G(x, t) | f (x)|p dx+ dt
=c |

&
| f (x)|p \|

&
|r(t)|p h(t)2p&2G(x, t) dt+ dx
c sup
x # R \|

&
|r(t)|p h(t)2p&2 G(x, t) dt+ } & f (x)&pp
cm(r( } ), q( } ))pp & f&pp .
For p= the argument is simpler and follows similar lines. K
Proof of Corollary 1.1. The corollary follows Theorem 1.1 for r(x)#q(x).
K
6. TWO ASSERTIONS CONVENIENT FOR APPLICATIONS
In many cases the a priori requirement (1.14) can be replaced with
simpler conditions which are more easily checked. Below we present two
such results. Note that both assertions are based on an assumption of the
slow growth of h(x).
Theorem 6.1. Let r( } ) # L locp (R), p # [1, ]. If there are constants a1,
b>0 such that for all |x|>>1 one has the inequalities
a&1h(x)h(t)ah(x) for |t&x|b, (6.1)
then inequality (1.7) holds if and only if m(r( } ), q( } ))p<. Moreover, (1.8)
holds if and only if m(q( } ), q( } ))p<.
Proof. The necessity follows from Theorem 1.1.
Sufficiency. We need some auxiliary assertions. First note that if
(6.1) holds, then one can replace the constant b by any bigger constant
which may only imply replacement of a by a bigger constant. Therefore,
when referring to (6.1) below, we always mean by b a needed constant.
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Lemma 6.1. Let x # R, t # _x&- 2 h(x), x+- 2 h(x)& and let (6.1)hold. Then
c&1v(x)v(t)cv(x), c&1u(x)u(t)cu(x). (6.2)
Proof. Clearly, [x&- 2h(x), x+- 2h(x)][x&- 2, x+- 2] (see
(2.71). Then (1.14) holds for b=- 2. It remains to repeat the argument of
Lemma 3.2. K
Lemma 6.2. Let (6.1) hold. Then one has (5.7).
Proof. For x # R from (2.1) it follows that
1=v$(x) u(x)&u$(x) v(x)=u(x) |
x
&
q(t) v(t) dt+v(x) |

x
q(t) u(t) dt.
(6.3)
Let N1 , N2 be the minimal number of segments of an R- 2 (x)-covering
such that
[x&1, x] .
&1
n=&N1
2n , [x, x+1] .
N2
n=1
2n . (6.4)
Then by (2.7) one has the inclusions
.
&1
n= &N1
2n[x&1&2 - 2, x], .
N2
n=1
2n[x, x+1+2 - 2]. (6.5)
Note that for x # R from (1.13), (1.2) and the definition of h(x), it follows
that
2=|
- 2 h(x)
0
|
x+t
x&t
q(!) d! dt- 2 h(x)|
x+- 2 h(x)
x&- 2 h(x)
q(!) d! . (6.6)
In the following chain of calculations we consecutively use (6.3), (3.5),
(6.1), (6.2), (6.6), (6.4):
1u(x) :
&1
n= &N1
|
2n
q(t) v(t) dt+v(x) :
N2
n=1
|
2n
q(t) u(t) dt
c1{u(x) :
&1
n=&N1
v(xn)
h(xn)
+v(x) :
N2
n=1
u(xn)
h(xn)=

c&1
h2(x) {u(x) :
&1
n=&N1
v(xn) h(xn)+v(x) :
N2
n=1
u(xn) h(xn)=
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c&1
h2 (x) {u(x) :
&1
n= &N1
|
2n
v(t) dt+v(x) :
N2
n=1
|
2n
u(t) dt=

c&1
h2(x) |
x+1
x&1
G(x, t) dt.
It remains to apply Lemma 5.1. K
Lemma 6.3. Let t # R, 2\=t\- 2 h(t). Then
v(t+- 2 h(t))2v(t&- 2 h(t)), u(t&- 2 h(t))2u(t+- 2 h(t)). (6.7)
Proof. Both inequalities are checked in the same way. In the first one,
the equality v"(!)=q(!) v(!) will be integrated twice: first along the
interval [t&s, t+s], s0, and then by s from zero to - 2h(t). We then get
(see [16])
v(t+- 2 h(t))+v(t&- 2 h(t))
2
=v(t)+
1
2 |
- 2 h(t)
0
|
t+s
t&s
q(!) v(!) d! ds. (6.8)
Below we use (6.8), (2.1) and the definition of h(x)
v(2+)>
v(2+)+v(2&)
2
>v(2 &)
__1+12 |
- 2 h(t)
0
|
t+s
t&s
q(!) d! ds&=2v(2& ). K
Lemma 6.4. If (6.1) holds, and r( } ) # L locp (R), p # [1, ), then one has
(5.14).
Proof. If maxx # R[T1(x), T2(x)]cm(r( } ), q( } ))pp then (5.13) holds
(see proof of Lemma 5.3). We estimate T2(x). (T1(x) can similarly be
estimated.) Below we use and R- 2 (x)-covering of R, the inclusion
[t&- 2h(t), t+- 2 h(t)][t&- 2, t+- 2], t # R (see (2.7), (1.12), (6.1)
and (2.1)):
T2(x)=|

x
|r(t)|p h(t)2p&2 \(t)
v(x)
v(t)
dt
c |

x
|r(t)|p h(t)2p&1
v(x)
v(t)
dt=c :

n=1
|
2n
|r(t)| p h(t)2p&1
v(2 &1 )
v(t)
dt
 :

n=1
h(xn)2p&1\|2n |r(t)|
p dt+ v(2
&
1 )
v(2 &n )
. (6.9)
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By (6.7) and (3.5), one has the inequalties
v(2 &2 )=v(2
+
1 ) 2(2
&
1 )
v(2 &3 )=v(2
+
2 ) 2(2
&
2 ) =O {v(2 &n )2n&1v(2 &1 ),n=1, 2, } } } . (6.10)} } } } } } } } }v(2 &n )=v(2 +n&1)2(2 &n&1)
Now (6.9) and (6.10) imply
T2(x)c :

n=1
h(xn)2p&1
2n&1 |2n |r(t)|
p dt
c sup
x # R
h(x)2p&1 |
|t&x|- 2 h(x)
|r(t)|p dt. (6.11)
Thus, (5.14) holds for b=- 2. Taking into account (6.11), one can finish
the proof as in Lemma 5.3. K
Theorem 6.2. If either (A) or (B) holds, then q(x) # K(#), #<1. Here
(A) sup
|x| >>1
|h$(x)|
1
5 - 2
,
(B) sup
|x| >>1
h(x) } |
- 2 h(x)
0
(q(x+t)&q(x&t)) dt}- 25 . (6.12)
Proof. From (A) and Lagrange’s formula it follows that
h(t)=h(x)+h$(%)(t&x)h(x)+|h$(%)| - 2 h(x)6 } 5&1h(x),
h(t)=h(x)+h$(%)(t&x)h(x)&|h$(%)| - 2 h(x)4 } 5&1h(x).
Here, |x|>>1, t # [x, x+- 2 h(x)], % # (x, x+- 2 h(x)). From this we
conclude that for |x|>>1, t # [x, x+- 2 h(x)] one has
4 } 5&1h(x)h(t)5 } 4&1. (6.13)
Similarly, we verify that for |x|>>1, t # [x&- 2 h(x), x] inequalities (6.13)
remain true. Then by (1.14), one has a=5 } 4&1, b=- 2, #=5 } 4&1
_exp(&415)<1. Furthermore, (2.8), (6.6) and (B) imply
sup
|x|>>1
|h$(x)|
1
2
sup
|x|>>1
h(x) } |
- 2 h(x)
0
(q(x+t)&q(x&t)) dt}

1
5 - 2
O (A). K
Remark. Condition (A) naturally strengthens (2.8).
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7. EXAMPLES
Here we give some examples of the application of Theorem 1.1. For
examples of Theorems 6.1 and 6.2 see [7].
I. We establish (1.8) for (1.1) with q(x)=1+e |x|+e |x| sin (e |x|). To
estimate h(x), according to Theorem 1.2, set q1(x)=1+e |x|. We estimate
$1(x), $2(x) for x>>1 (for x<< &1 this can be done in a similar way). To
estimate $1(x), we use the Taylor expansions which converge uniformly in
x because of (2.7):
$1(x) sup
|z|2e&x2 } |
z
0
|
t
0
(ex+!&2ex+ex&!) d! dt }
= sup
|z|2e&x2
2ex }|
z
0
|
t
0\
!2
2!
+
!4
4!
+ } } } + d! dt } cex
$2(x) sup
|z|2e&x2 } |
z
0
|
x+t
x&t
e! sin e! d! dt }2 sup|z|e&x2 |z|
c
ex2
Hence, h(x)=(1+=(x))(1+e |x|)&12, |=(x)|c exp(&|x|2), |x|>>1.
From this it easily follows that q(x) # K(#), #<1 and m(q( } ), q( } ))p<,
p # [1, ].
II. Let us verify that for any p # (1, ] there exist equations (1.10)
not separable in Lp(R). Let :, ; be positive numbers such that ;<:<p;.
Set
1 if x1
q(x)={n; if x # |n=[n&n&:, n+n&:], n=2, 3, . . .1 if x # [t: t1, t  |n], n=2, 3, . . .
We estimate h(n) for n>>1. Assume that h(n)n&:. Then
2=|
- 2 h(n)
0
|
n+t
n&t
q(!) d! dt=n; |
- 2 h(n)
0
|
n+t
n&t
d! dt=
n;
n2:
 0 as n  ,
a contradiction. Hence, h(n)n&: for n>>1. By (6.6) one has
- 2h(n) |
n+- 2 h(n)
n&- 2 h(n)
q(!) d!=h(n) {|
n+n&:
n&n&:
n; d!
+|
n&n&:
n&- 2 h(n)
d!+|
n+- 2 h(n)
n+n&:
d!=
=2 - 2 h(n)2+2h(n)
n;
n:
&
2h(n)
n:
.
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Since ;<:, from (6.6) it follows that h(n) 14 for n>>1. Then
m(q( } ), q( } ))p 
n  
h(n)2&1p\|
n+n&:
n&n&:
q(t)p dt+
1p
 
n  
1
42&1p
n;
n:p
=. K
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